
Ru/AlN/Ru composed mebrane is considered, and 
the setup is the same as that used in [5]. The 
frequency is set just below the cutoff frequency of 
the main (S1-) mode. Phase variation of TWES is  
set so that S1- Lamb mode with the wavenumber  
is predominantly excited at the active area and 
incident to the border area, and scattered waves are 
sensed at the passive area 2. These waves are finally 
absorbed at the damping area. 

 

Fig. 2 Schematic TWES BAW model 

The B matrix of the damping area was realized as 
follows: An isotropic loss factor is introduced to 
each unit, and the value gradually increases for a 
few units (models a-c), and is constant (model d) as 
shown in Fig. 3. The hierarchical cascading enables 
rapid calculation of the total B matrix of cascaded 
model-d’s even when the number of region-d’s is 
extremely large provided that the number is n-th 
power of 2. Since xL is regarded as zero when n is 
sufficiently large, Eq. (2) can be simplified as 

RR22 LxB  for the damping area. 

 

Fig. 3 Variation of loss factor in damping region where 
waves are incident from the right end. 

The B matrix of the active area is also assembled 
by the hierarchical cascading including the phase 
shift in L. To save time, passive areas shares the 
same B matrix with the active area but L=0. 

4. Simulation result 

The following FEM modeling and simulation is 
realized by commercial software COMSOL. Post 
matrix operation is implemented in MATLAB via 
LiveLink from COMSOL. 

The solved B matrix of the whole model is 
obtained after 11 times cascading operations 
excluding cascading for the damping areas (method 
1). We also directly modeled and solved the whole 

model in COMSOL (method 2) for comparison. 
Because it is impossible to setup an infinite-length 
damping region in method 2. The damping area is 
shortened with a higher loss factor, which would 
somewhat worse the absorption effect. Two 
simulations were performed using the identical PC 
(CPU i7-5820K, 3.3 GHz, 128 GB RAM). 
Fig.4 shows the calculated amplitudes of 

out-of-plane vibration at the top surface in the 
passive area 2. Any differences are hardly seen 
between two results. Even it exists, it is hard to 
judge which method is more correct. 

 

Fig.4 Calculated out-of-plane displacement 

Table I shows amplitudes of reflected Lamb 
waves normalized by that of the incident S1- mode. 
The differences are very tiny (0.2 dB maximum) 

Table I. Amplitude of reflected Lamb modes 
(dB) S1- S1+ S0 A1 A0 

Method 1 -3.81 -36.64 -23.47 -42.6 -35.9 
Method 2 -3.83 -36.58 -23.47 -42.4 -36.0 

For each frequency point, 0.9 and 15 seconds were 
spent for methods 1 and 2, respectively. It is worth 
to notice that the time consumption for the damping 
areas is not included in this calculation. Net 
difference of the calculation time is much larger.  

It proves that the hierarchical cascading method is 
quite effective for the analysis of BAW devices 
using TWESs. 
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1. Introduction 
It has been experimentally reported that the 

critical temperature difference for sound generation 
in a thermoacoustic engine with a wet stack is 
considerably smaller than that with a dry stack1. 
Raspet and his coworkers2-4 have studied the effect 
of evaporation and condensation on a 
thermaocoustic engine based on the Eulerian point 
of view. The aim of the present study is to 
understand dynamical effect of evaporation and 
condensation based on the Lagrangian point of 
view5. 

There have already been some theoretical 
models of a thermoacoustic engine based on the 
Lagrangian point of view6, 7. The model of the 
present paper is unique because Rott equations are 
taken into account for the first time in such models 
based on the Lagrangian point of view.  
 
2. Model 

Translational motion as well as expansion 
and contraction of a fluid parcel is numerically 
simulated (Fig. 1)5. The amplitudes of acoustic 
pressure and particle velocity are calculated as a 
function of position along a narrow tube using Rott 
equations. The instantaneous acoustic pressure and 
particle velocity are calculated at a position of a 
fluid parcle using their amplitudes at the position. 
Using instantaneous particle velocity, traslational 
motion of a fluid parcel is simply calculated as 
follows. 

𝑥𝑥(𝑡𝑡 + ∆𝑡𝑡) = 𝑥𝑥(𝑡𝑡) + 𝑢𝑢∆𝑡𝑡           (1) 
where 𝑥𝑥(𝑡𝑡) is a position of a fluid parcle at time t, 
∆𝑡𝑡 is a small time step, and 𝑢𝑢 is instantaneous 
particle velocity at time 𝑡𝑡 and position 𝑥𝑥. 
     While number of air molecules is constant in 
a fluid parcel, number of water vapor molecules 
changes with time by evaporation and 
condensation5. The instantaneous volume of a fluid 
parcel is determined by instantaneous pressure, 
temperature, and number of molecules inisde a fluid 
parcel as follows. 

𝑉𝑉(𝑡𝑡) = 𝑛𝑛𝑡𝑡(𝑡𝑡)𝑅𝑅𝐺𝐺𝑇𝑇(𝑡𝑡)/𝑝𝑝(𝑡𝑡)            (2) 
where 𝑉𝑉(𝑡𝑡)  is instantaneous volume of a fluid 
parcel, 𝑛𝑛𝑡𝑡(𝑡𝑡)  is instantaneous number of 
molecules of air and water vapor inisde a fluid 
parcel in mol, 𝑅𝑅𝐺𝐺  is the universal gas constant, 
𝑇𝑇(𝑡𝑡) is instantaneous temperature of a fluid parcel, 
and 𝑝𝑝(𝑡𝑡) is instantaneous pressure inisde a fluid 
parcel.  
 
3. Results and Discussions 

The results of numerical simulations for a 
traveling-wave thermoacoustic engine are shown in 
Fig. 2 (a) and (b) for a dry and a wet stack, 
respectively5. Volume oscillation amplitude of a 
fluid parcel is increased by evaporation and 
condensation because evaporation (condensation) 
takes place at the expansion (contraction) of a fluid 
parcel. Accordingly, pV work done by a fluid parcel 
increases by evaporation and condensation. It 
implies that sound intensity increases by 
evaporation and condensation.  

Another finding is the gradual shift of the 
mean position of a fluid parcel to higher 
temperature side, which is acoustic streaming. It 

 

 
 

Fig. 1 A fluid parcel in a narrow tube in a stack of 
a thermoacoustic engine. Reprinted with 
permission from K.Yasui and N.Izu: 
J.Acoust.Soc.Am. 141 (2017) 4398. Copyright 
(2017), Acoustical Society of America. 
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originates in Rott equations. However, detailed 
mechanism is very complicated, and will be studied 
in future in another paper. 

On the other hand, volume oscillation 
amplitude decreases by evaporation and 
condensation for a standing-wave thermoacoustic 
engine5. Nevertheless, slight presence of 
traveling-wave component results in the increase in 
pV work by evaporation and condensation. For the 
definition of traveling-wave component, see Ref. 8. 

 

 
(a) 

 
(b) 
Fig. 2 The result of the numerical simulations for a 

traveling-wave thermoacoustic engine on x-V diagram of 
a fluid parcel. (a) For a dry stack. (b) For a wet stack. 
Reprinted with permission from K.Yasui and N.Izu: 
J.Acoust.Soc.Am. 141 (2017) 4398. Copyright (2017), 
Acoustical Society of America. 
 

4. Conclusion 
Under many conditions, volume oscillation 

amplitude of a fluid parcel is increased by 
evaporation and condensation in a wet stack of a 
thermoacoustic engine. Accordingly, pV work done 
by a fluid parcel increases by evaporation and 
condensation. It implies that sound intensity 
increases by the effect. The present model based on 
the Lagrangian point of view is nonlinear and 
results in acoustic streaming. The acoustic 
streaming originates in Rott equations. However, 
difference and similarity of the acoustic streaming 
to Gedeon and Rayleigh streaming are unclear at 
present9-13, and will be studied in future. 
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