
expressed as follows: 
𝑣𝑣(𝑡𝑡0;  𝑥𝑥,  𝑧𝑧) = 𝑣𝑣0 ∙ 𝑒𝑒−𝑗𝑗(𝑘𝑘𝑥𝑥𝑥𝑥+𝑘𝑘𝑧𝑧𝑧𝑧),   (2) 

where 𝑣𝑣0 indicates complex velocity amplitude. 
The mean squared error  between the phase 

∠𝑣𝑣(𝑡𝑡0, ; 𝑥𝑥,  𝑧𝑧) of the measured complex vibration 
velocity and its model {−(𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑘𝑘𝑧𝑧𝑧𝑧)}  is 
expressed as follows: 

𝛼𝛼 = ∑{∠𝑣𝑣(𝑡𝑡0;𝑥𝑥,  𝑧𝑧) + (𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑘𝑘𝑧𝑧𝑧𝑧)}2
𝑅𝑅

,    (3) 

where R indicates a region of interest where  is 
calculated. 

In order to determine 𝑘̂𝑘𝑥𝑥  and 𝑘̂𝑘𝑧𝑧  which 
minimizes the error 𝛼𝛼, 𝛼𝛼 is partially differentiated 
by 𝑘𝑘𝑥𝑥 and 𝑘𝑘𝑧𝑧  and zeroed. Then, least square 
solutions 𝑘̂𝑘𝑥𝑥 and 𝑘̂𝑘𝑧𝑧  are obtained by solving the 
simultaneous equation given by 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑘𝑘𝑥𝑥

= 0, 𝜕𝜕𝜕𝜕
𝜕𝜕𝑘𝑘𝑧𝑧

= 0.                 (4) 

As described above, in this report, shear wave 
propagation speed was estimated by estimating 
𝑘̂𝑘𝑥𝑥  and 𝑘̂𝑘𝑧𝑧  simultaneously using the phases of 
vibration velocity waveforms. 

 
3. Experimental Results 

Figures 1(a) and (b) show propagation speed 
maps of soft and hard agar phantoms, respectively. 
The soft and hard agar phantoms were made from 
5% and 10% agar. Also, both phantoms contain 
graphite powder of 3 g as scatterers. As shown in 
Fig. 1, the shear wave propagation speed in the hard 
agar phantom is much higher than that in the soft 
agar phantom. These results show that the proposed 
method can distinguish the difference in the tissue 
elastic property. 

 
Fig. 1: Propagation speed maps of soft agar (a) and 
hard agar (b). 
 

Figures 2(a) and (b) show a B-mode image 
of the liver of a 42 years old healthy male and shear 
wave propagation speed map, respectively. There is 
a heart in the lower right side and it is difficult to 
estimate propagation speed there because that 
region is too close to the source of vibration. 

However, in the other regions, shear wave 
propagation speed was estimated to be about 1 m/s, 
and this result agreed well with those reported in 
literature [7]. 

 
Fig. 2: (a) Ultrasonic B-mode image of the liver of 
a 42-year-old healthy male. (b) Shear wave 
propagation speed. 
 
4. Conclusion 

In this report, the validation experimental 
results show that the difference in tissue elasticity 
can be detected by the proposed method. Two 
dimensional estimation of wave numbers of the 
shear wave occurred by heartbeat in the liver was 
conducted for estimation of propagation speed.   
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1. Introduction 
It is important to evaluate atherosclerosis in the 
early stage for prevention of serious cardiovascular 
events, such as myocardial infarction and stroke. 
The elasticity of the arterial wall is a useful marker 
for diagnosis of atherosclerosis because it is altered 
by atherosclerosis [1]. For evaluation of the 
elasticity of the arterial wall, the pulse wave 
velocity (PWV) method is developed as a 
non-invasive method for evaluation of the elasticity 
of the arterial wall [2-4]. In the conventional PWV 
method, the PWV is measured between distant two 
points, such as two points in brachial and ankle 
arteries, and the average elasticity between such 
distant two points is evaluated. However, the 
elasticity of the arterial wall is different region by 
region and atherosclerotic lesion is formed locally. 
Therefore, the measurement of the regional PWV is 
preferred. However, the pulse wave propagates 
along the artery relatively fast (several m/s), and the 
measurement of the regional PWV is requires high 
temporal resolution because the time delays 
between pulse waves measured at two points 
becomes less than 10 ms when the PWV is 
measured in a short segment of the artery of several 
centimeters in length.  

High frame rate ultrasound, which enables an 
imaging frame rate of over one thousand Hz, is 
preferable for measurement of the regional PWV 
[5,6]. In this report, the regional PWV was 
estimated using the acceleration waveforms 
measured from the arterial wall by high frame rate 
ultrasound. Also, methods for estimation of the 
temporal frequency and wavenumber of the 
measured acceleration field were developed.  
2. Materials and Methods 
2.1 Estimation of temporal frequency 
In the present study, the acceleration waveforms on 
the arterial wall were measured at a very high frame 
rate of 1302 frames per second (fps), where m 
denotes the scan line number. The position of point 
of interest in each scan line is defined as �� �
���, ���, where ��  and ��  are the lateral and 
axial positions. 
------------------------------------------------------------ 
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In the present study, the Hilbert transform 
was applied to the measured acceleration 
waveforms to obtain the analytic signals  ����� at 
the m-th point of interest. The mean temporal 
frequency of the acceleration waveform �� at t is 
estimated as follows [7]: 

 
        (1) 

 
 
 

(2) 
 

 
where M and * denote the number of scan lines and 
complex conjugate, respectively. 
 
2.2 Wavenumber estimation 
The complex acceleration measured at each point of 
interest ��  and time t is composed in a vector 
from: 

� � ����������������������,      (3) 
where T denotes transpose. 
     By assuming that the pulse wave propagates 
at a speed of cPWV in the measured segment, the 
measured acceleration a can be modelled as 
follows:  

�� � ���, �� � � � �,           (4) 
where k and n are the wavenumber of the pulse 
wave and noise vector, respectively, and A(k, t) is 
the acceleration at the source (corresponding to the 
acceleration at the 0-th point of interest r0). The 
vector h denotes the phase shift of the complex 
acceleration corresponding to the time delay owing 
to the pulse wave propagation along the assigned 
path ������ ��������. The vector h is expressed as 
follows: 

� � ������������ ������������,     (5) 
where k is the wavenumber of the pulse wave, and 
�� is the distance of the m-th point of interest rm 
from r0 along the assigned path ������ �������� 
expressed as follows: 
 

(6) 
 
     By assuming that noise n is Gaussian, the 
likelihood is defined as follows: 

���� � � ���� � ���
���

���
� ��∗ ���, 

�� ��|�� � ����|
�

���
, 

����� � 1
��
�����
�� , 
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(7) 
where H denote Hermite transpose, and � � ���. 
     The estimate ���, �� of the acceleration at 
the source position ��,  which maximizes the 
likelihood, is obtained as follows:  
 

(8) 
 
3. Simulation Experimental Results 

In the present study, the proposed method 
was evaluated by the simulation experiments. The 
simulated acceleration waveform is shown in Fig. 
1(a). The pulse wave assumed to propagate along a 
straight artery at a speed of 2.5 m/s. In the 
simulated acceleration field shown in Fig. 1(b), the 
change in the arrival time of the pulse wave can be 
seen. Figure 1(c) shows the phases of the analytic 
signals of the simulated acceleration waveforms.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1: Simulated acceleration waveform. (a) 
Waveform at the central position. (b) Acceleration 
shown as a function of distance and time. (c) Phases 
of analytic signals of acceleration waveforms. 
 

The proposed method was applied to the 
analytic signals of the simulated acceleration 
waveforms. Figure 2(a) shows the estimated 
temporal frequency of the simulated acceleration 
waveform. Stable estimates are obtained during the 
time period when the pulse wave present. Figure 
2(b) shows A(k, t) obtained by the proposed method 
on the basis of maximum likelihood estimation. 
From the peak position in Fig. 2(b), the 
wavenumber (corresponding to the spatial 
frequency) of the pulse wave can be determined.  

Figure 3 shows a profile of A(k, t) plotted as 
a function of the spatial frequency obtained at a 
time when A(k, t) is maximum. From Fig. 3, the 

spatial frequency of the pulse wave is determined as 
-3.65 m-1. The temporal frequency of the pulse 
wave at the same point of time is determined as 
9.27 Hz from Fig. 2(a). The PWV is estimated by 
dividing the temporal frequency by the spatial 
frequency. The PWV was determined as 2.54 m/s, 
which is in good agreement with the true PWV of 
2.5 m/s.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2: Simulation experimental results. (a) Mean 
temporal frequency of acceleration waveforms. (b) 
Estimated magnitude of source of acceleration 
���, ��. 
 
 
 
 
 
 
 

 
Fig. 3: Profile of A(k, t) at peak. 
 
6. Conclusion 

In the present study, a method on the basis of 
maximum likelihood estimation was proposed for 
estimation of the regional PWV.  
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